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The thermodynamis of the lattie model of interalation
of ions in rystals is onsidered in the mean eld approxima-
tion. Pseudospin formalism is used for the desription of
interation of eletrons with ions and the possibility of hop-
ping of interalated ions between dierent positions is taken
into aount. Phase diagrams are built. It is shown that
the eetive interation between interalated ions an lead
to phase separation or to appearane of modulated phase (it
depends on lling of the eletron energy band). At high val-
ues of the parameter of ion transfer the ioni subsystem an
pass to the superuid-like state.
1 Introdution
Theoretial investigation of interalation of ions in rys-
tals is an atual problem of modern physis. Metal ox-
ides as hosts for ion (for example, lithium ions) inser-
tion are very promising eletrode materials. It should be
noted that theoretial desriptions of suh proesses in
most ases were restrited to the numerial ab-initio and
density-funtional alulations. For example, in [13℄
quantum-hemial Hartree-Fok and density-funtional
alulations were performed to investigate lithium inter-
alation in TiO2 rystal. It was shown that Li is almost
fully ionized one interalated (Li looses its valene ele-
tron) and reonstrution of eletron spetrum at inter-
alation takes plae. Thus, ion-eletron interation an
play a signiant role. Another interesting feature of
suh rystals is a shift of the hemial potential at in-
teralation into the ondution band. As a result, these
rystals have metalli ondutivity ( [4℄, for a review,
see also [5℄); before interalation, suh rystals are semi-
ondutors with wide gap. At interalation of lithium in
TiO2, phase separation into Li-poor (Li∼0.01TiO2) and
Li-rih (Li
∼0.5−0.6TiO2) phases ours. This two-phase
behaviour leads to a onstant value of eletrohemial
potential [6, 7℄ (this fat is used when onstruting bat-
teries). In [8℄ the Monte Carlo simulation was performed
to investigate the interalation using the Hamiltonian
whih inluded the interation between ions only.
In our previous works [9, 10℄ we have formulated
the pseudospin-eletron model of interalation and have
taken into aount the ion-eletron interation. It has
been revealed that the eetive attrative interation
between ions was formed and the ondition of appear-
ane of phase separation has been established. The
ion-eletron interation was also onsidered in [11℄ at
the investigation of thermodynamis of S = 1 model
of interalation (the model was similar to the known
Blume-Emery-Griths model), but the eletron as well
as ion transfer was not taken into aount. It should
be noted that models of pseudospin-eletron model type
are widely used in physis of the strongly-orrelated ele-
tron systems in reent years. Appliation of this model
to high-temperature superondutors allows one to de-
sribe thermodynamis of anharmoni oxygen ion sub-
system and explain the appearane of inhomogeneous
states and the bistability phenomena ( [12℄). Suh a
model an also be applied to the desription of hydrogen-
bonded systems.
In the present paper we deal with a more ompli-
ated model and take into aount the possibility of
the transfer of interalated ions. The onsidered model
orresponds to the hard-ore boson approah. Hard-
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ore bosons obey the Pauli spin-1/2 ommutation rules.
Sine the original work of Mahan [13℄, suh models were
applied for desription of ioni ondutors and alula-
tion of their ondutivity. Reently one-partile spe-
trum was investigated in one-dimensional limit [14℄. A
system of hard-ore bosons is a partiular ase of the
well-known Bose-Hubbard model, whih has been inten-
sively investigated in the last 15 years (see, for exam-
ple, [15℄). The model is of great interest due to the
experimental realization of optial latties (see, for in-
stane, [16℄). This model an be diretly applied to in-
vestigate suh objets. The Hamiltonian of the Bose-
Hubbard model inludes two terms, one is onneted
with the on-site interation U between partiles and an-
other term is onneted with the partile hopping be-
tween sites (partiles in this model obey the bosoni
ommutation rules). In the limit U → ∞ this model
redues to the hard-ore boson model. Dierent theo-
retial methods were used to study this model: mean-
eld theory [17℄, random phase approximation [18, 19℄,
strong oupling approah [20℄, quantum Monte-Carlo
method [21℄. Reently a bosoni version of dynamial
mean eld theory was formulated [22℄. The existene of
superuid and Mott-insulator phases is a harateristi
feature of this model.
In addition to our previous investigations [9℄, the aim
of this work is the study of the ion transfer inuene on
equilibrium states of interalated ion subsystem. As it
was shown in [9, 10℄, the eetive interation between
ions an hange (depending on eletron band lling) its
harater from repulsion to attration, leading to the
harge-ordered modulated phases or phase separation
into uniform phases with dierent partile onentra-
tions, respetively. Ion hopping between loal positions
is unfavorable for the realisation of suh phases or phase
transitions. Besides, ion hopping leads to the appear-
ane of superuid type phase.
We investigate phase transitions in the interalated
ion subsystem within the framework of the lattie model
with ion transfer in the regime of the xed hemial po-
tential of the ions and eletrons. Eletron subsystem is
desribed by partially lled one energy band.
2 The model
We onsider the following model Hamiltonian:
H =
∑
ij
ΩijS
+
i S
−
j +
∑
ijσ
tijc
+
iσcjσ+
∑
iσ
(gSzi niσ−µniσ)−
−
∑
i
hSzi . (1)
Here we introdue the pseudospin variable Szi whih
takes two values; Szi = 1/2 when there is an intera-
lated ion in a site i and Szi = −1/2 when there is no ion,
c+iσ and ciσ are eletron reation and annihilation oper-
ators, respetively. We take into aount the possibility
of ion and eletron jumps between sites (the rst and
the seond term in (1)) and interation of eletrons with
ions (g term). The last one is onneted with the ele-
tron band shift at interalation (suh an eet is known,
for example, for the system LixTiO2 [3℄); µ and h play
the role of the hemial potentials of eletrons and ions.
It should be noted that we do not onsider here the
diret interation between ions. In our previous pa-
per [9℄, it was shown that ion-eletron interation leads
to the formation of the eetive interation beweeen ions
and even at repulsive diret ion-ion interation the ee-
tive ion-ion interation of attrative type an be formed.
This an lead to the phase transition of the rst order
between uniform phases with jumps of ion and eletron
onentrations.
The thermodynamis of the model is investigated in
the mean eld approximation (MFA)
gniS
z
i → g〈ni〉Szi + gni〈Szi 〉 − g〈ni〉〈Szi 〉
ΩS+i S
−
j → Ω〈S+i 〉S−j +ΩS+i 〈S−j 〉 − Ω〈S+i 〉〈S−j 〉, (2)
here the average ion onentration w = 〈Sz〉 + 1/2 is
introdued; in our approximation 〈S+〉 = 〈S−〉 = 〈Sx〉,
〈Sy〉 = 0. The average value 〈Sx〉 plays the role of order
parameter for the ase of the superuid phase (this is
a phase with ondensate of bose-type), and determines
the onentration of ondensed partiles.
Appliation of the MFA to the strongly orrelated
systems in the limit of a weak one-site orrelation makes
it possible to satisfatorily desribe their properties,
when there is no orrelational splitting of the eletron
band. This approximation is an analogy to the virtual
2
rystal approximation, whih is often used for mixed
systems. To go beyond the MFA one an use more
ompliated approximations, for instane, the oherent
potential-like approximations. Besides, in the ase of
the Bose-Hubbard model the kineti energy term is of-
ten onsidered within the mean eld approah. This ap-
proximation is well known to give a reasonable estimate
of the ritial on-site repulsion at whih Mott-insulator
- superuid phase transition ours [15, 17℄.
In [23, 24℄ the ase Ω = 0 was onsidered. It was
shown that if the hemial potential is near the band
enter, the double modulation phase is realised in the
system, while in the ase when the hemial potential
is lose to the band edges, the phase transition be-
tween uniform phases ours. At intermediate values of
the hemial potential the inommensurate modulated
phase appears. In the present investigation we restrit
ourselves to the ases of double modulation phase and
uniform phase.
The Hamiltonian of the model in the MFA is as fol-
lows:
HMFA =
∑
iασ
(gηα − µ)niασ +
∑
iα
(gnα − h)Sziα+
+
∑
iα,jβ
tαβij c
+
iασcjβσ +
∑
αβi
2Ωαβ〈Sxα〉Sxiβ − g
∑
iα
nαηα−
−NΩ〈Sx1 〉〈Sx2 〉, (3)
here we onsider two sublatties: 〈∑σ niασ〉 =
nα, 〈Sziα〉 = ηα; α = 1, 2 is a sublattie index, i
is an unit ell index, N is the number of lattie sites,
Ω ≡ Ω12 = Ω21 = ∑i Ω12ij ; Ωαα = tαα = 0.
This Hamiltonian an be diagonalized. We pass to k-
representation and perform the unitary transformation
in the pseudospin subspae
HMFA =
∑
ασk
(λkα − µ)n˜kασ −
∑
iα
λ˜ασ
z
iα−
− gN
2
(n1η1+n2η2)−NΩ〈Sx1 〉〈Sx2 〉 (4)
λkα = g
η1 + η2
2
+ (−1)α
√
(g
η1 − η2
2
)2 + t2
k
ck1σ = c˜k1σ cosφ+ c˜k2σ sinφ,
ck2σ = −c˜k1σ sinφ+ c˜k2σ cosφ,
sin 2φ =
tk√
(g η1−η2
2
)2 + t2
k
Sziα = σ
z
iα cos θα + σ
x
iα sin θα,
Sxiα = σ
x
iα cos θα − σziα sin θα, sin θα =
2Ω〈Sxβ〉
λ˜α
,
λ˜α =
√
(gnα − h)2 + (2Ω〈Sxβ〉)2, α 6= β.
The doubling of unit ell leads to the splitting in the
eletron spetrum. Two subbands are separated by the
gap g|η1 − η2|. The eletron band hanges its position
at interalation.
Using MFA, we an alulate the mean values of both
the eletron and ion onentrations:
nα=
1
N
∑
kσ
(
1 + cos 2φ
2
(e
λ
kα−µ
T + 1)−1+
+
1− cos 2φ
2
(e
λ
kβ−µ
T + 1)−1), (5)
ηα =
h− gnα
2λ˜α
tanh(
βλ˜α
2
), 〈Sxα〉 = −
2Ω〈Sxβ〉
2λ˜α
tanh(
βλ˜α
2
).
To nd the thermodynamially stable states we also
have to alulate the grand anonial potential
Φ
N
2
= − T
N
∑
kσ
ln((e
µ−λ
k1
T + 1)−1)(e
µ−λ
k1
T + 1)−1))−
−T ln(4 cosh(βλ˜1
2
cosh(
βλ˜2
2
))− g(n1η1 + n2η2)−
− 2Ω〈Sx1 〉〈Sx2 〉. (6)
The absolute minima of the Φ-funtion determine the
equilibrium states.
3
3 Results
The semiellipti density of states, ρ(ǫ) = 2
piW 2
√
W 2 − ǫ2,
−W < ǫ < W , where W is a half width of the ele-
tron band, was used (W is hosen as energy unit; in
our alulations we put W = 1). Using this density of
states, we perform summation over k in the equations of
self-onsisteny (5) and in the expression for the grand
anonial potential (6).
As noted above, the stable states are obtained using
the ondition of minimum of the funtion Φ. In Fig.1
and Fig.2 the (h−Ω) phase diagrams are shown for the
ases µ = 0 (at the enter of the band) and µ = −0.7W
(near the lower band edge).
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Fig.1 Phase diagram in the (h−Ω) plane at µ = 0. The parameter
values are: g = −0.4,W = 1, T = 0.03. (1),(3) - uniform phase
with 〈Sx〉 6= 0 ((1): 〈Sx
1
〉 = 〈Sx
2
〉, (3): 〈Sx
1
〉 = −〈Sx
2
〉); (2)-uniform
phase with 〈Sx〉 = 0; (4)-modulated phase ((a): 〈Sx
1,2
〉 = 0, (b):
〈Sx
1,2
〉 6= 0). The solid line denotes the phase transitions of the
seond order and the dotted line denotes the phase transition of
the rst order.
In the ase µ = 0 and at small values of ion hop-
ping parameter Ω the system undergoes the phase tran-
sition of the rst order from the uniform to modulated
phase (in the modulated phase n1 6= n2, η1 6= η2) at the
hange of the hemial potential of the ions (dotted line
in Fig.1). In the ase µ = −0.7W and at small val-
ues of Ω the phase transition of the rst order between
two uniform phases with jumps of the average ion and
eletron onentration (and the phase separation in the
regime of the xed onentration, see [9, 10, 23, 24℄ for
more details) takes plase (dashed line in Fig.2).
It is easy to see that at high values of the param-
eter of ion transfer Ω the only possible phases are the
uniform phases with 〈Sx〉 6= 0 and 〈Sx〉 = 0. The phase
with 〈Sx〉 6= 0 appears due to the presene of ion hopping
between sites; this phase is an analogy to a superuid
phase in the systems of hard-ore bosons and an or-
respond to the state with high mobility of interalated
ions. In the ase Ω < 0, one nds 〈Sx1 〉 = 〈Sx2 〉, while in
the ase Ω > 0, one nds 〈Sx1 〉 = −〈Sx2 〉.
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Fig.2 Phase diagram in the (h − Ω) plane at µ = −0.7. The pa-
rameter values are: g = −0.4,W = 1, T = 0.03. The notations are
the same as in Fig.1. The solid line denotes the phase transition of
the seond order and the dashed line denotes the phase transition
of the rst order.
In Fig.3 and Fig.4 the (h − µ) phase diagrams are
shown for the ases Ω = 0 and Ω = 0.25. Dotted line
denotes the rst order phase transition between uniform
and modulated phases, dashed line denotes the rst or-
der phase transition between uniform phases.
4
-0.8
-0.4
 0
-1 -0.5  0  0.5  1µ
(2)
(2)
(4a)
h
Fig.3 Phase diagram in the (h− µ) plane at Ω = 0. The parame-
ter values are: g = −0.4,W = 1, T = 0.03. The notations are the
same as in Figs.1,2.
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Fig.4 Phase diagram in the (h − µ) plane at Ω = 0.25. The pa-
rameter values are: g = −0.4,W = 1, T = 0.03. The notations are
the same as in Figs.1,2.
The next four diagrams, whih are shown in Figs.
5-8 are the (T −h) phase diagrams. In Fig.5 the rst or-
der phase transition urve between two uniform phases
with jumps of ion and eletron onentrations is shown.
This urve ends in ritial point at some value of tem-
perature Tcr. At high values of Ω this phase transition
disappears (see Figs.2,6). The existene of suh phase
transitions (in the regime of the xed onentration it
orresponds to the phase separation into phases with
dierent onentration of ions) is in aordane with ex-
perimental data for interalated rystals, where the ap-
pearane of poor and rih ion onentration phases was
observed (see, for example, [6℄). The presene of mod-
ulated phase in interalated rystals is also indiated in
experiments (for review, see [5℄).
The phase transition from the uniform to modulated
phase an be of the seond or the rst order, this is il-
lustrated in Figs.7,8 for the ases Ω = 0 and Ω = 0.3.
We should draw attention to the fat, that with inreas-
ing temperature the rst order transition will transform
into the seond order one and then will disappear (as it
is shown in Figs.7,8).
 0.025
 0.05
-0.08 -0.075
(2)
(2)
h
T
Fig.5 Phase diagram in the (T − h) plane at Ω = 0. The parame-
ter values are: g = −0.4,W = 1, µ = −0.7. The notations are the
same as in Figs.1,2.
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Fig.6 Phase diagram in the (T −h) plane at Ω = 0.2. The param-
eter values are: g = −0.4,W = 1, µ = −0.7. The notations are
the same as in Figs.1,2.
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Fig.7 Phase diagram in the (T−h) plane at Ω = 0. The parameter
values are: g = −0.4,W = 1, µ = 0. The notations are the same
as in Figs.1,2.
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Fig.8 Phase diagram in the (T −h) plane at Ω = 0.3. The param-
eter values are: g = −0.4,W = 1, µ = 0. The notations are the
same as in Figs.1,2.
4 Conlusions
In this work, the pseudospin-eletron model of ion inter-
alation in rystals has been formulated. The model an
be applied for the desription of the thermodynamis of
suh a proess in materials with eletron bands where
the band lling has metalli or semimetalli harater
(in partiular, ompounds of transition metals suh as
TiO2 or other similar systems with narrow ondution
bands). The thermodynamis of the model has been
investigated in the mean-eld approximation. The ee-
tive interation between interalated ions is formed due
to their interation with eletron subsystem. Suh an
interation is attrative or repulsive depending on the
lling of eletron band (in the rst ase the hemial
potential of eletrons should be lose to the band edge;
the seond ase is realised near half lling). The appear-
ane of modulated phase or phase transitions of the rst
order with jumps of ion and eletron onentrations (in
the regime of the xed onentrations it orresponds to
the phase separation) has been established.
Inrease of the ion transfer parameter leads to the
disappearane of both of modulated phase and phase
transition with jumps of the ion and eletron onentra-
tions. Besides, the new phase with 〈Sx〉 6= 0 appears due
6
to ion hopping between sites; this phase is an analogy
to superuid phase in the systems of hard-ore bosons
or superioni phase in the rystalline ioni ondutors
(phase with high mobility of ions). Suh a phase an
exist at intermediate values of the hemial potential of
interalated ions and the transition to this phase is of
the seond order. To investigate this phase in detail we
should examine the behaviour of the ondutivity and
other harateristis of the system. This is the task for
future investigations.
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